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1 Introduction

We have formulated a vector based Finite Element Method (FEM) to numerically simulate Electromag-
netic Scattering from a 3D dielectric object. We primarily referred to The Finite Element Method in
Electromagnetics [1] by Jianming Jin among other resources. Matrix assembly and subsequent steps to
evaluate the far-field have been implemented in C++. We are currently verifying the model for Mie
scattering from a homogeneous dielectric sphere.

2 Helmholtz Equation

—

In a space free of stationary charge sources (but possibly having known current sources J(r)), the spatial
Maxwell’s equations are given by

V x E = —jwuH (1)
Vxﬁ:jweﬁ—l-f (2)

This gives rise to the Helmholtz equation
Rp =V x (VX E) = k}e.E + jwugJ =0 (3)

where €, is a function of space, and k(z) = w?upeg. We consider a non-magnetic material (u, = 1) in the
analysis.
3 Weighted Residual formulation

Let the testing function be denoted by T (7). Weighted residual method sets R to zero in a weighted
manner as follows -

/f-ﬁdV:/f-(Vx(VxE)—k%erﬁ+jwﬂof> dv =0 (4)
Q Q

This is a volume integral over the entire computational domain €2, and dV = dxdydz. From vector
calculus, we know A-(Vx B)=B-(V x A) —V - (A x B). Choosing A=1T and B = (V x E),

—

f-(vX(vXE)):(VXE>-(fo)—v-(fx(vXE)) (5)

The integral in Equation (4) can hence be expanded as

/Q[(Vxf)-(V><E)—kéerf-ﬁ+jwuof-ﬂdV:—?iT- (7 x (v x £)) ds (6)




To get the RHS, we have used the 3D Divergence theorem fQ V-EdV = fr F-ndS. T is the closed surface enclosing

our 3D computational domain €2, and 7 is the outward unit normal evaluated on I'.
In our case, F = (f x (V x E)) Hence

3.1 Incident Field problem (J = 0)

For the case when J = 0, we use the 1st order Radiation Boundary Condition (RBC) at I' as
i x (V x By) = —jkov/er (n % (A % Es)) 9)

where Es S - Einc is the scattered field.

5 (V % (E = Eyne)) = —jko/er (7 x (1 x (B = Eyne)) ) (10)
—  Ax(VxE)=nx [v % Bine + jkoy/er (it x Eime) — jkov/en (it X E)} (11)

Using the above result in Equation (8), we have

— —

j'{ T-(Ax(VxE))dS = fT-(ﬁx(vXEmc))dekoyf ﬁf-(ﬁx(ﬁxﬁinc))d5+jk07{ VeaT-(ix(axE))dS
N I T

r

Using the above result in the RHS of Equation (6), we finally have

) [(fo)-(VxE)—kgerf-E} dV—jkO%ﬁf-(ﬁx(ﬁxE))dS
9] r
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This is the FEM Weak Form for J = 0 in the Total Field (TF) formalism.
e The RHS is a surface integral in terms of the incident field Emc (known) evaluated on T'.

e The LHS has a volume integral and a surface integral: the volume integral is in terms of the total
field E' (unknown) and €, (known) evaluated everywhere in 2, while the surface integral is in terms

—

of the total field E evaluated on T.

3.2 Antenna Radiation problem (.J # 0)

In this case, we have radiating current sources J inside ), but no separate Incident Field. Hence RBC is
directly applied on the Total Field as

i x (V x B) = —jkov/er (n x (71 % E)) (14)
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In this case, the weak form after applying (14) to the RHS term (8) becomes

/[(fo)-(VxE)—kgerf~E}dV—jkoj{\/E[f’-(ﬁx(ﬁxﬁ) dS:—jwuo/f-de (15)
Q r Q

4 Galerkin Testing

We construct the scalar function ®(T', E) as

1

vbji

o(T, E) ;:/ [(v x T) - (V xﬁ)—k%qf-Eﬂ dekojf\/a:F-(ﬁx (A x E))dS (16)
Q r
Evidently ®(T, E) is linear in E, that is
q)(f, Clﬁl + CQEQ) = Clq)(f, El) + CQ@(T, EQ) (17)

Likewise we define the scalar function b(T) as

The FEM weak form then simply reads ®(T, E) = b(T)

Now suppose there are a total of IV edges in {2 after meshing. Corresponding to each global edge j is

a global basis function T; We expand the total field E in Q in terms of the global basis functions as
E=) uT; (19)

There are N unknown coefficients we have to solve for. Galerkin’s method achieves this by testing the
weak form with each of the N global basis functions T;. For ¢ = 1... N, we have N equations of the form

N
> " u® (T, Ty) = b(T5) (20)
j=1

This can hence be expressed compactly as the matrix equation

Au=b>b (21)

Ay =@, T) = [ (VD) (Vx T~ kT Ty| av — ko § Ve T (ix (< T))ds| - (22)
Q r

and

b; = b(T}) (23)

Solving the Matrix Equation (21) efficiently will give us the coefficients u. Then by Equation (19), we
obtain the approximate total field F everywhere in the computational domain 2.



5 Scalar basis functions for the Tetrahedral Element[1]

Figure 1: Tetrahedral element

The volume of the element V. is given by

1 1 1 1
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We define 4 scalar basis functions L;(x,y,2) j =1,2,3,4  corresponding to the four nodes.
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e The definition is valid when (z,y, z) is inside the element. Outside element e, all L% are zero.
e All are linear functions of x, y, z.

e L; takes value 1 at (xj,y;,2;) and 0 everywhere on the opposite face.

6 Evaluating the scalar basis functions

The volume of each element in terms of the node coordinates is given by (simplified in MATLAB)

1

Ve = 6(3312/322 — X1Y223 + Toy123 — T2Y321 — T3Y122 + T3Y221

FX1Y224 — T1Y422 — T2Y124 + T2Y421 + T4Y122 — T4Y221
—T1Y324 + T1Y423 + T3Y124 — T3Y421 — T4Y123 + T4Y321

+Toy324 — ToYaZ3 — T3Y224 + T3YaZo + TaY223 — T4Y322)



1
Li(z,y,2) = &V (a1 + bz + 1y + di2)
e
1
L3(x,y,2) (a3 + bsz + c3y + d32)

Coefficients of L are given by

To XT3 X4 1 1 1
ar = Y2 Y3 Y4 by =—|y2 Y3 w4
29 23 24 22 23 24

Trick to find coeffs a;, b;, ¢;, d; for i=2,3,4 :

1
LQ(xu Y, Z) = (a2 + bQI + cy + dQZ) (25)
6Ve
1
Ly(2,y,2) = —(as + bax + cay + daz)  (26)
6Ve
1 1 1 1 1 1
Cl = |2 X3 X4 d1 = — |T2 I3 T4 (27)
2o 23 24 Y2 Y3z Y4

Replace x;,y;, z; with x1,y1, 21, and add an overall minus sign (in the above determinants)

7 Local Vector basis functions for the Tetrahedral Element

Figure 2: Tetrahedral element, with locally numbered nodes and directed edges. The direction of edge

number 5 is wrong above.

We can now construct 6 local vector basis functions for the tetrahedral element. These correspond to the

6 directed edges, as seen in Fig. 2.

Corresponding to edge-1 (connecting node-1 and node-2), we define the vector basis function ff as

T¢ =1y (LyVLy — LyVLy) (28)

({1 is the length of edge-1)
It has three important properties:
e V.-T¢=0

o V xT¢ =20 (VL x VL)

® ¢ ff =1 where é; is the unit vector of edge 1 (directed from node 1 to node 2)



The last point can be understood easily. Since L; is linear, its gradient is a constant vector. Further,
since it varies from one at node-1 to zero at node-2, é,-VL; = —1/l;. Similarly é;-VLs = 1/l;. Therefore

é1 . Tle - (Ll + LQ)’on edge 1 — 1

To generalize, the vector basis function T;e corresponding to edge i of element e is given by

T =1,

)

(Li,VL;, — Li,VLj)

where i; and i are the (local) nodes joining which gives (local) edge 7 (in element e).

Edge ¢« Node i1 Node ig
1 1 2
2 1 3
3 1 4
4 2 3
5 4 2
6 3 4

Table 1: Local numbering of edges and nodes. Edge 5 is wrong above.

(29)

(30)



8 Global basis functions & Evaluating the Matrix elements

To recall, the computational domain €2 has a total of N edges. We have the global matrix equation
Au =Db, and A is the N x N FEM matrix whose elements we have to determine.

AN — (T, T = [

[(vXﬁ)-(vaj)—kgerﬁ-ﬁ} dv—jkof\/aﬁ.(ﬁx(ﬁxfj))ds (31)
Q r

Note that 7; and T; here are global basis functions corresponding to global edges ¢ and j respectively.

The global basis function T; is the sum of local basis functions T;S which have a constant component along
the global edge 3.

. 32)
eﬁie#d)

i — k is the global to local mapping of edges. This means that global edge i is the same as local edge k in all element
e it belongs to. In our problem, ¢ € {1... N} while £ € {1...6} (clearly a many-one map)

Now lets the break the term A;; as

’Aij = Pij — Qij + R,‘j — S (33)
where
Pij:/(vXTZ)-(vaj) dv (34)
Q
Qij = kg/ & T;-T; dV (35)
Q
Rij = ko § V&Ti T ds Sy = ko § Ver T )T ) dS (36)
I I

In what follows, we will use the global to local edge mapping i — k and j — m.

Mental Picture: Geometrically, each global basis function is non-zero in a pentagonal /hexagonal bipyra-
mid whose central axis is the global edge. Two distinct bipyramids typically intersect at 0 or 1 or 2
tetrahedral elements.

81 P

From the previous section, we know that
V x Ty =2, (VLy, x VL) (37)

Since L = g (a + bx + cy + dz), VL = & (b, ¢, d).

1
VLil X Vng = W ((Cklde - Cdek1)7 (dkl bkz - dk2bk1)7 (bklck2 - bk2ck1)>e (38)

—

Py = /Q(v < ) - (V x To)dv (39)

-y / (V x T€) - (V x T)dV (40)
c Q



el 1
Pij = ;24 W |:(Ck1 dkz - ckzdkl)(cm1dm2 - Cm2dm1) + (dk1 bkz - dkzbk1)(dm1bm2 - dm2bm1) (41)

+ (bk’l Cky — kaCkl)(bmlcmz - bm2cml )i| . (42)

Sum is over elements e which have both i (k1 — ko) and j (m1 — mg) as edges. If no such elements exist,
then P;; = 0.

8.2 Q

Qu=# [ T Ty av (43)

Using an identity from textbook (Jianming Jin, Chapter 8),
AT

- % W [Lk1 Lmlgk‘gﬂ’m - Lkl ngekgml - LkQLmleklmQ + Lkszggklml]
e € €

(44)

where

Okm = bibm + crem + didim (45)

Since both 7; and fj are linear, T - T} is a quadratic polynomial in x, y and z.
It is non-zero in the tetrahedral elements e that have both ¢ and j as global edges.

Our objective is now to find a closed form expression for the integral
I(k,m) = /LkLde
e
, where the integration is over a general tetrahedron conv {7, 7, 7’3, 74} (conv refers to convex hull).

To do this integral, we perform an affine transformation so that the general tetrahedron conv {7, 7, 7’3, 74 }

0 1 0 0
transforms to the unit tetrahedron conv 0),{o],(1],{0 (which we denote as A)
0 0 0 1
u
F=r+[J]|v (46)
w
(x2 —m1) (23 —71) (24— 71)
J=(2—y) Ws—v) (a—u1) (47)

(
(22 —21) (3—21) (2a—2)
Hence an arbitrary tetrahedron in the (x,y,z) space is transformed to the unit tetrahedron in (u,v,w) space.

Now substitute (46) in the equation for L;(x,y, z) to observe that

Ll(ﬁ = L(u, v,w) = LZ‘(Fl) + [LZ(FQ) — LZ(Fl)]u + [Lz(Fg) — LZ'(Fl)]’U + [LZ(774) - Li(f’l)]w (48)
=n; + fiu+gv+ hw (49)

where we define new coeflicients

’ni = Ll(Fl) fz = Lz(’Fg) — LZ(FI) g; ‘= LZ(T_‘E;) — L1(771> hl = LZ(’I?4) — Li(_’l) ‘ (50)




This gives us how L; transforms under the change of variables. We also know that the infinitesimal volume

dV transforms as
dx dy dz = |J|du dv dw

Hence
I(k,m) = /LkLmdx dy dz = / Ly L |J|du dv dw
e A

(51)

(52)

Substitute Ly = (nk + fru+ grv+ hpw) and L, = (N, + fmu + gmv + hpw) in Equation (53) to find that

NENm 1

I(k,m) = |J| x ( 5 51

+ %0 [fk(gm + hm) + fm(gk + hk) + (gkhm + gmhk)})

1
+ — |:nk(fm + gm + hm) +nm(fk + gk + hk)} + @ |:fkfm + gr9m + hihom

Hint: In evaluating the integral, use the following identity

11!
/ uPvlw"du dv dw = par
A (p+q+r+3)!

Hence

36 £~ V2

e

T
Qij=hg 22N [I(kl,ml)HkaQ — I(k1,m2)0km, — L(k2,m1)0,m, + (K2, m2)0k m, .

8.3 R
R;; ijoj{\/aﬁ"fj as
r
As in the previous section,

7T, =Y T¢ - T
e

le (& 1
= géﬂ W [Lkl Lm1 szmz - Lkl Lm29k2m1 - LkQLmHklmQ + Lk2Lm29klm1]
e € e

where

Ot := brby, + crem + didm,

Since both 7; and fj are linear, T - fj is a quadratic polynomial in x, y and z.
It is non-zero in the tetrahedral elements e that have both ¢ and ; as global edges.

Let the exposed triangle be
A = conv{ry, 7,73}

Our objective is now to find a closed form expression for the integral

B(k‘,m):/ Li(z,y,2z)Lm(z,y,2)dS
A

(55)

(56)

(59)

(60)



where k,m € {1,2,3,4}

Note that since LiL,, is non-zero only in the element it belongs to, the domain of integration is re-
duced to the exposed surface of that element. Now under the change of variables described in Appendix
B, the scalar basis transforms as

1
(ar + bpx + cxy + diz)

Lk<m7 Y, Z) = 6V,

~ - o o R R 61
= Lu(, B) = Li(i) + a(Li(7) — Li(70)) + B(Ly(7%) — Li(7)) (61)
= pp + qra+ 18
and the same for m. Where new coeffs are introduced as
pi = Li(7) g = Li(2) — Li(7) ri o= Li(7s) — Li(7) | (62)
Hence
/ LyLy,dS = / LyLymdS, =2 Area(A) / Ly Ly, do dp (63)
A A unit tri
Now note the identity
/ oot da df = — L2 (64)
unit tri B (Cl +co+ 2)'

Hence

12 (rim + erk>

1 1 1
B(k,m) = Area(A) [pkpm +3 (pk(Qm + ) + Pk + m)) + 6 (@0 + i) + 15

Hence we have

lel6 €
] = jko \F[ kly m1)9k2m2 - B(klu m2)'9k2m1 - B(k27 m1)9k1m2 + B(k27 m2)0k1m1} . (66)

84 S
Sy =ik [ V(T a)( ) ds (67)
A
Let the exposed triangle be
A= COHV{Fl, 772, 773} (68)
Note that
(T; - 2)(Tj-0) =y (T - 2)(Ty, - ) (69)

We know from a previous section that
Tj, = l(Lp, Vg, — L, Vg, (70)

Let 7 = (ng,ny, n.) for the exposed triangle. Define

Uy = bpng + cpny + din; (71)

e

10



= l
k= 361;:/2 |:(ak1 Wi, — akqukl) + (bk1 Wi, — ka\I]h )x + (Ckl Wi, — Ckzll’kl)y + (dkl Wi, — dkijkl)z]
e
Ui
= WFk(JU,y,Z)

(72)

Fk(a:,y, Z) = [(akl \I/kQ — ak2\I’kl) + (bkl \I/k2 — bkgqlkl)x + (Ckl \I/kQ — CkQ\I/kl)y + (dkl \I’k2 — de\Ilkl)z]

(73)
Under the change of variables defined in Appendix B, this function transforms as
Fi(a, B) = ug + veer + w8 (74)
where new coeffs are introduced as
uy, = Fi (1) v = Fi() — Fi(7) wy = Fi(7) — Fi(7) | (75)
Now we can define a two-edge integral ((k, m) as follows and note that
C(k,m) = / F.F,dS = / F.E,,dS, = 2 Area(A) / F.E,, da dB (76)
A A unit tri
1 1 1
C(k,m) = Area(A) {ukum + 3 (uk(vm + W) + U (Vg + wk)> + g(vkvm + wrwy,) + E(Ukwm + vmwk)}
(77)
Hence
s e
Slj — Jk() 1296 2@: ‘/54 C(k7m) (78)

11



b(T) : o ) (79)
—jwﬂo/QT-JdV, J#0
Let us first evaluate the J = 0 case.
The incident field is a plane wave, polarized along E , given by
Bipe = e M0 7E (80)

Upon substituting this in (79) and simplifying, we get

b(T) = jko /A ds e—j’%f[<f B (Ve = (ko 7)) = (- B) (T ( m—%))} (81)

Note that the domain of integration is reduced to the exposed triangle of the element in
which T is non-zero.

We approximate the integral as follows. Let 7z denote the coordinates of the centroid of the exposed
triangle. Then

b(T) ~ Arca(A) jky e 707 [(fwc;) B) (Ve = (ko - 7)) = (- B) (T(7e) - (vVerin — o) } (82)

We may choose the following direction of propogation defined by fixed angles (6, ¢)

ko = —(sinf cos ¢, sinfsin¢, cosbh) (83)

Polarization is perpendicular to this direction, and we may choose

E = (cosfcos¢, cosfsing, — sinb) (84)

Remember that this not the only choice, any direction perpendicular to ko will do.

Let the outward unit normal vector at the exposed triangle be

n=(ng, ny, n) (85)

To simplify (82), we need to introduce intermediate variables. Define

’{7:bjCOSGCOS(b—i-cjcosHsin(;S—djsin0‘ (86)
Also define
T, = bj(\/erng +sinf cos @) + cj(y/e,ny + sinOsin ¢) + d;(\/e,n. + cosb) (87)
Then
S A l
T(re) - E = 5573 {(Cﬂ@ —a281) + (&2 — b2b1)zg + (a2 — 261)ye + (diée — da&)zc]

L z
T (Ven—ky) = {(ang —a2Y1) + (1Yo —baY1)zg + (12 — c2T1)yg + (di T2 — d2T1)ZG:|

3612

(88)

(89)

12



And

N

N - B = ng cos cos ¢+ nycossing —n, sind
(Ver — ko - 7t) = \/& + ngsin 6 cos ¢ + ny, sinfsin ¢ + n, cos
jhoe T0TE — g (— sin (ko) + j cos (ko))
T = xgsinf cos ¢ + ygsinfsin ¢ + zg cos

All these expressions can be substituted in (82)

13



9 Far-field using Huygen’s Principle
The Helmholtz equation in the region outside the scatterer takes the form
V x (V x E)—k’E = Q(r) (94)

<~
The free space dyadic Green’s function G(r,r’) satisfies
A4 2(—} Ad
Vx(VxG)—kG=15§r—1") (95)
© .,
Take a dot product of Equation (94) with G and Equation (95) with E, subtract them, and volume

integrate (over the domain outside the scatterer, denoted V;) on both sides. The RHS would then be the
scattered field. Hence, we have

Foout (') = i/v [(v X (VX Q) -B—G-(Vx(VxE)|dv (96)

Note the following identity [2] that turns the volume integral into a surface integral on the surface of the
scatterer (denoted R)

/V[(VX(ng))'ﬁ_a'(vx(VXﬁ))}dvz_ﬂ[5'ﬁ><(VXﬁ)+(Vx5)-(ﬁxﬁ)]d5

Hence, we have

<~

qscat(r’):iji[g-ﬁx(VxE)+(VxG)~(ﬁxE)]dS (98)

The overall plus or minus exists depending on how we absorb Q(r) as incident field. Here, surface
integration is over unprimed coordinates () on the surface of the scatterer (R). The far field point is .
Now, from FEM, we get field coefficients u,, for edges belonging to surface elements. The sum index m
in the following equation is only over such edges.

. - R o R
Eseart(r') = iZum% [G-ﬁ X (VxTy)+(VXxG)-(nx m)] ds (99)
— R
In the far-field limit, the 3D dyadic Green’s function takes the form [2]
- N L
G~ (I—1"7") (100)

4 |r]

Here, 7'r/ represents the outer product of the unit position vector corresponding to r’ with itself. The
curl of the dyadic green’s function is given by [2]

0 _o0 9
o 5 0z 8% e—jk’|7’—r’\
VxG=| & 0 —5|—F 101
_8,2@ P 6937 471"7“” ( )
dy ox
Simplifying Equation (101) in the far-field approximation, we get
0o -2 .
— —ik . /
VxGw~ |2 0 =2 2 o —skir=r] (102)
;o 4|7 |2
-y 0

14



The curl of our vector basis function is given by

V x f = 18V2 (CldQ — ngl, dlbg — d2b1, blcg — bgcl)
Then

18V2 (B1, B2, B3) (103)
T z
n X (V X T) = 187 Z:f gg g; = W(Chl,ChQ,Chg) (104)

Using the expressions in equations (104) and (100) in the first term of the scattered field integral
equation (99), after simplifications, we have

~ ol l M ’a> —jk|r—r'
éG'nX(VXT):WWPe]' | (105)
where
y/ 4+ 22 _x/y/ —as a1
M:=| -2y 2?+2? —y7 la) == | a2 (106)
—x _y/Z/ :L,/Q + y/2 as
where
a1 = (nyﬁ?) - nZ/BQ) a2 = (nzﬂl - na:/BS) Qa3 = (anQ - nyﬁl) (107)
/81 = (Cld2 — CZdl) ,82 = (d1b2 - d2b1) 53 = (blc? - bQCl) (108)
Now
N e l
XT:= 3672 Yy(r) | = 3612 1v(r)) (109)
Y2(r)
Using the expressions in equations (109) and (102) in the second term of the scattered field integral
equation (99), after simplifications, we have
pes L =Ny (r) e
T gklr—r| 11
= (VxGQ)-(nx ) T2 e e (110)
where
0 2 7o (r)
N=|2 0o | [ =0 (111)
-y 0 V2(r)
where
=6V [ny d2L1 dlLQ(T)) — nz(CQLl(T') - ClLQ( ))
=6V |:’I’LZ b2L1 - blLQ(’r‘)) - nx(dng(T‘> - dlLQ(’I“)) (112)
=6V {nz CQLl - ClLQ(T’)) — ny(bng(r) — blLQ(T))
)

—

Using the results in equations (105) and (110) in the scattered field integral equation (99), we finally have

eXp (_jko\/ GT‘T,’) UmnlmAe (M |05> jkO\/ €r
ESCCL ! ~ j: m N 11
(1) T ; V2 ] SN (e, (113)

Here A, is the area of the exposed surface of a surface-element e, V, is its volume, r¢ = (r1 + ro +13)/3

is the position vector of the centroid of the exposed triangle

15



Equation (113) is a neat result. Physically, it can be interpreted as a linear superposition of the fields
created by secondary point-sources located at the centroids of exposed triangles on the surface of the
scatterer (a sphere in our case). Notice that there is a 1/|r’|? outside. But also note that M/|r/| and
N have entries that linear in the coordinates of r’. So effectively, we can interpret the result as a linear
superposition of secondary point-sources.

10 Mie scattering Formulation

10.1 Vector function Formalism

For Mie scattering formulation, we refer to these sources [3, 4]. Consider a linear, isotropic, homogeneous
medium in the absence of source, any field C' must satisfy the homogeneous wave equation as follows:

V2C 4+ k*C =0 (114)

This vector differential equation can be projected along the unit vectors, of a generic reference system,
becoming a system of three scalar differential equations. However, such a system is not easy to solve in
most of the coordinate systems. While the solution of the vector Helmholtz equation is not a simple task
in several coordinate systems, it is easy to solve the scalar Helmholtz equation:

V2h 4+ k) =0 (115)

At this point we define the vector harmonics as follows:
M =V X (Thmn)

L VxM
N =
2

Recalling the relation between the magnetic potential and the electric field and applying the Maxwell
equations, we can write the following expressions of the electric and magnetic fields:

E =Y (anM,+byNy) (116)
n=0
k’ (e}
H=—"-Y (anN, +b,M,) (117)
JOR 20

Mie’s solution to Maxwell’s equations describes the scattering of an electromagnetic plane wave by
a homogeneous sphere. Mie scattering results in the case when the particle size is comparable to the
wavelength of the wave incident on it.

In spherical coordinates,Helmholtz equation is

10 (r’0¥ 1 0 v 1 9’0
~ 2 I (sino )+ =TT e = 11
r2 or ( or ) + r2sin 6 00 <sm 80) * r2 sin? § 02 + 0 (118)

We use the method of separation of variables

U = R(r)H(0)®(¢)

Substituting this into Eq 103, dividing by ¥, and multiplying by 2 sin? §, we obtain

inf— | + —— + k*r’sin’ 0 = 11
7 o\ 7 a9 \Sin + + k“r®sin 0 (119)

sin? @ 9 r2dR sinf d dH 1 d%®
db  dgp?
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The ¢ dependence is now separated and we let

e o,
$dpz

Substitution of this into the preceding equation and division by sin? 6 yields

10 (r%dR 1 d dH m?
—— — [sinf—— ) — k2r? =0 120
Rdr( dr >+Hsin0d0 (Sm d9> snzg VT (120
This separates r and 6 dependence. Let
1 d dH m?
— |sinf— | - —— = — 1 121
Hsing df <Sm do > snzg ~ L (121)
With this choice, the preceding equation becomes
1 8 7’2dR 2 9
-2 — 1 = 122
Rdr(dr) n(n+1)+k“r =0 (122)

Collecting the above results, we have the trio of separated equations.

d (r*dR
- <Tdr ) —(n(n+1)+Ek*r*)R=0 (123)
1 d*®
1 d dH m?
L gty ™M™ 1 12
Hsind do (Sm@ d@) snzg ~ "D (125)

The ¢ equation is the familiar harmonic equation giving rise to solutions h(me¢). The R equation is
closely related to Bessel’s equation. Its solutions are called spherical Bessel functions, denoted by by, (kr),
which are related to ordinary Bessel functions by

™
anlkr) = | 55y ()

where z,(kr) can be jy(kr), n,(kr), hq(ll)(kr)7 hg)(kr). The 6 equation is related to Legendre’s equa-
tion, and its solutions are called associated Legendre functions. We shall denote solutions in general by
L7 (cos #).Commonly used solutions are

L (cos0) ~ P (cosf),Q, " (cos ) (126)

where P!™(cos ) are the associated Legendre functions of the first kind and Q]*(cos 6) are the associated
Legendre functions of the second kind.
We can now form product solutions to the Helmholtz equation as

Ui n = 2n(kr) Ly (cos 0) h(me) (127)

These are elementary wave functions for the spherical coordinate system.
We can form general solutions to the Helmholtz equation by forming a linear combination of elementary
wave functions.

1. As ¢ is 27 periodic ,if a single valued ¢ in the range from 0 to 27 is desired,then choose h(m¢) to
be the linear combination of sinme and cos me¢ or e/™® and e 7™ with m being an integer.
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2. Study of solution to the assosiated Legendre equation shows that all solutions have singularities at
0 =00 = m except P*(cosf) with n being an integer.For ¢ to be finite in the range 0 < 0 <7

L (cos@) = P*(cos®)

3. For radial part,spherical Bessel function solutions are J,, 1 /2(kr) and Ny, /5(kr) which, means that
the solutions for R(r) are the spherical Bessel and Neumann functions, j, (kr) and n, (kr) defined by

3 s

Jn(kr) = %Jn+%(7€7’)
kr) = ——N_ 1 (k

(k) = 5Ny ()

From now one we will assume that the solution is finite at the origin, which rules out n,(kr) ,and
S0

| R(r) = jn(kr)]

Hence to represent a finite field inside the sphere,elementary wave functions will be

wm,n = jn(kr)P;;n(COS 0)€jm¢

To represent the field ,outside the sphere,we must choose outward-travelling wave

Ymn = hg) (k)P (cos G)ejmqj

Any linear combination of j,(kr) and ny(kr) is also a solution to 104. Two such combinations deserve
special attention, the spherical Bessel functions of the third kind (sometimes called spherical Hankel
functions):

hg)(kﬂ“) = jn(kr) + nn(kT)

K2 (kr) = jn(kr) — ng (kr)

As ® can be written as linear combinations of real sine and cosine function with m from —oco to oo
®(¢p) = cosme + sinme

Substituting the values we get,

Ve mn = jn(kr)Py"(cos 0) cosme (128)

Vo mn = jn(kr)P)"(cos 8) sinme (129)

where subscript e and o denotes even and odd solutions. Both the solutions are linearly independent.

Any function that satisfies the scalar wave equation in spherical polar coordinates may be expanded
as an infinite series. The vector spherical harmonics generated by ¢ and 1,m,, Will represent the
electromagnetic field in terms of wave functions. Let us formulate the equations for M and N (p = kr)

im
sin 0

zn(kr) P (cos 0)e? ™0 — zn(kr)i (P™(cosB)) e?™P¢ (130)

Mopn(r) = 6
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zn (k)

. 10 m o
Npn = npepm gmeép 4~ " P Jjme
(r) = n(n+ 1)P(cos 0)e!™?F + B (rzn(kr)) 30 e’
10 jm e
— = (rzn ~— pm imég (131
+ B (rzn(kr)) smgtn (cos0)e?™?¢  (131)

At this point, three important vector functions can be introduced:

M (0, 8) = €™ [ (08 0)0 — Ty (cos 0) B

Nmn (0, @) = ejm¢[7mn(cos 0)9 + JTmn(cos 9)(]3]

Pmn = e2™n(n 4 1) P (cos 0)7

where m,,, and 7,,, are called scalar tesseral functions, related to the associated Legendre function as

__P(cosb)
T
_ dP}(cos0)
o0 ="

Any solution to the field equations can now be expanded in an infinite series of functions. Thus, armed
with vector harmonics, we are ready to attack the problem of scattering by an arbitrary sphere.

11 Expansion of a plane wave in vector spherical harmonics

The problem with which we are concerned is the scattering of a general plane wave, written in spherical
polar coordinates as

Figure 3: Representation of a plane wave incident on a sphere

Consider a general elliptic plane polarised wave incident on the sphere as shown in Figure 3

EZ(T) = epole_jki'r = (E@Zéz + E¢i(£i)6_jki'r (132)
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€z = sinf cos pé, + cos O cos péy — sin Péy (133)

where e, is the polarization vector of the plane wave. The vectors 6, and d;Z are the unit vectors of the
local spherical coordinate frame with respect to the wave vector of the plane wave. where

ki = kik; = ky (sin 0; cos ;& + sin 0; sin ;7§ + cos ;%) (134)
. ]%Z

b = 22— gin i + cos i) (135)
|2 % ki

0; = (;AS x k; = cos 0; cos ¢;x + cos 0; sin ¢; ) — sin 6;2 (136)

The elevation angle 6; is the angle between the wave vector and the z-axis, while the azimuthal angle ¢; is
the angle between the projection of the wave vector on the x,y plane and the z axis. The incident plane
wave can be expanded in spherical harmonics as follows:

Z Z (@ M) (1) 4 b NS ()] (137)

n=1m=-n

with

n 2n+1 (n—m)!
n(n+1) (n+m)!

Amn = (_ ) ] epol-m;knn(aiv¢i) (138)

o ymn—1 2nt1 (n—m)!
bn = (=1)"] 1n(n+1)(n+m)!

epol.nfnn(&, ¢z) (139)

Here superscript (1) in the vector harmonics indicates that the radial dependence follows the spherical
Bessel function of the first kind, j,, (k7).
The scattered field can be expanded in spherical vector wave functions as well:

n=1m=-n

The superscript (3) in the vector harmonics indicates that the radial dependence follows the spherical
Bessel function of the third kind, i.e., the spherical Hankel function of the first type, typical for progressive
waves. The coefficients ¢, and d,,,, in equation (116) are the unknowns of the problem and they would
be determined applying the boundary conditions, i.e., the cancellation of the tangential components of
the electric fields on the sphere’s surface:

(Ei+ Es) x7=0 forr=a (141)

Finally after applying boundary conditions and solving we get

Tk

Conn = —amnij(l)( 19) (142)
hn (kla)

i = —bmn‘{?)(,ikla) (143)
hn <k1a>

These coefficients are known as Mie scattering coefficients for a PEC sphere.
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A Finding surface integrals over the arbitrary triangle in 3D (Projec-
tion Approach)

Let the equation of the plane of triangle formed by three points (z1,y1,21), (22,2, 22), (x3,y3,23) be
given by
z =7 +MT + Yy (144)

Now the surface integral in 3D can be transformed into a 2D integral by taking its projection onto x-y
plane and solving it over the surface IV. Correspondingly the surface element dS gets transformed into
dS’ = 1/cos(0)dS, where 6 is the angle that the normal of the plane makes with the z-axis.

/f@wwMS=/ mu%%+ww+vwm§
T IV

=4/1 +’V%+7§/F,f(x,y,'yo +mz + Y2y) dS

Now the arbitrary triangle in 2D is transformed into a unit triangle with vertices at (0,0), (0,1) and
(1,1) through a change of coordinates (x,y) — (u,v). Therefore the final expression for evaluating the
integral can be written as

1 1—u
/Ff(x,y,z)dS:J\/l+’y%+’y§/o /0 f(u,v) dvdv (146)

where J is the Jacobian given by

(145)

Ju  Ou
J=|% % (147)
or Oy
B Simplest approach
Again, in the (x,y,z) space, consider the triangle
I’ = conv{ri,r3,73} (148)
where we would like to evaluate the integral
1= [ fay2is (149)
r
Define
i=(r;—ri) & U= (r3-7i) (150)
Then an arbitrary point on or inside I' can be written as
r=7r1+au+ U (151)
with the constraints
I': a,8>0 & (a+p)<1 (152)
Since an arbitrary area element is a parallelogram with area element
dSy = |u]|v|sin @ da df (153)
the integral transforms as
[ $(.0.2) S — fullolsing [ f(a,5) da ds (154)
r I/
where 6 is the angle between @ and ¢. Also note that
|ul|v] sin @ = 2Area(T") (155)

hence giving us a simple prescription.
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C Rotation Approach

Suppose that the unit normal vector at the exposed triangle I" is given by
n =1 +my+nz (156)

Suppose ¢ is the angle n makes with the Z axis, and 6 is the angle its projection makes with the X axis.

From simple trigonometry,
cosp =n sin g = /12 + m? (157)

And l
m
cosf) = —— sinf = ——— 158
VI2 +m? 12+ m? (158)

The rotation matrix which can transform n to Z (Jn = 2) is given by

1 m —l 0
mn — (12 + m?) (159)

J = Ro()R(0) = ——o | ml
VIZ +m? WE2+m2 mVE2+m?2 nViZ+ m?2

Equivalently, the (x, y, z) space is transformed by J7 to, say, the (u, v, w) space. Then
dS(l’,y,Z) = ‘JT‘ dS(u,v,w) (160)

and hence the integral can be evaluated on a plane parallel to the XY plane.

D Dyadic Green’s function

Consider the free space scalar Green’s function in 3D.
1 6—jk|F—'F'|

g = ——m—a (161)

T An [F— 7

The expression for the dyadic Green’s function of free-space C:J(F, ) is given by

G(r,7) = <1 + ]jzvv) g(r,7) (&2 + g9 + 22) (162)
The dyadic Green’s function can be represented in matrix form as follows:
_ G- R W
G(r,7') = ag(;)x k2 :28%2 2838% Ank2|F — 7| (163)
0z0x 020y 022

Through some algebra, it can be further simplified to

= 3 3i A 3 3i -
Gr,r'Y=(|-—5= —+=—-1|RR —— ———1]T)g(R 164
() <<kz2R2 kR > +<k2R2 kR > >g( ) (164)
where R = 7 — 7, I = 2@+ 9y + 2% is the unit dyad and g(R) is the scalar Green’s function given by

Eq. 161.
In the Cartesian coordinate system, we have the following simplification

0 0
_ g "o 0y \ ekl
VXGFR7m)=| £ 0 —=|——= 165
(Tv ) _BZQ Q (;‘);E 47_(_‘7:»_ ,’;»/| ( )
y ox

22



E Associated Legendre Functions and Spherical Bessel function

The associated Legendre function is defined as

_1\m n-+m
(=1 m d

] ((1—2%) W(f’«"Q - 1)"

form =0,1,2...,n
The spherical Bessel function of the first kind denoted

d ,sinz

)

nlz) = (1"

The derivatives follow from the spherical Bessel functions themselves, namely
[2n(2)] = 2jn-1(2) — nijn(2)
[2hn(2) V] = 2hy_1(2)D) = nhy(z)M
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Veritying FEM correctness
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1 Introduction
From our formalism, we know that the FEM weak form is compactly represented as

Here,
E is the unknown quantity: the total electric field as a function of space.
T is a known testing function (linear polynomial form)

E;,. is a known incident field function (plane wave)
¢ and b are known operators.

In the Galerkin method, we translate the weak form to Ax = b where A;; = ¢(T;, T;) and b; = b(T;)

What do we want to do? Verify the correctness of the FEM code. The heart of FEM is coding up analyti-
cally obtained integrals for A;;. If the integrals are both correctly evaluated and correctly coded, a manufactured

vector field U must numerically match the electric field profile generated using FEM in conjunction with U.

1. Choose a suitable functional form [f

2. Compute b(T) := ¢(T},U) perfectly by hand and/or MATLAB. So b(T}) is now a known scalar value.

—

Note that an optimal choice of U would be based on minimizing [b[U/] — b| subject to constraints on U
in a suitable polynomial vector space. But I don’t think it is necessary to indulge in that.

.b(Ty) for each global edge basis function in the computational

3. With the same U, compute b(Th), b(T5)
domain. We would hence have the vector b

4. Use our FEM code to solve for x in Ax = b

5. The correctness of evaluation and coding of FEM matrix A is confirmed if we observe a numerical match
between (2171 + 2275 ... 2nTx) and U when plotted on various slices of the computational domain.

Note that this procedure doesn’t verify the evaluation or coding of the incident field vector b.

The numerical match is expected to be best when U has a linear polynomial form, since the vector basis functions
T in our case have a linear polynomial form in single tetrahedral elements and zero outside. Another consideration
is that the electric field better be non-conservative (U # —VV), as expected of time-dependent fields.

We choose

U=z2+zj+y2 (2)

2 Weak form based approach

We want to evaluate



where
o(T,0) :/Q [(v X T) - (V x U) — k2e,T - U dV+jk0\/§]€ [f 0 (fﬁ)((j%)} ds (4)

with U = (z,z,y) as the manufactured solution.
Splitting it into 4 terms, we get L
b(Ty) = Py — Qr + Rk — Sk (5)

Subscript k is used to denote local edge index.

21 P

—

P = /Q [(v x T) - (V % U)} dv (6)

We know that
Ik

18V2
where [ is the length of local edge k& and V. is the volgme of the tetrahedron. The local edge £ is joined by local
nodes ky and ky. And as we defined and used earlier, Ty, = lx(Ly, V Lk, — Lr, VL, )

Using V x U = (1,1,1),

v X fk - |:(Ck;1 dkz - Ckzdkl)) (dkl bk}g - dk?gbkll)) (bk}1 Ck)g - bkzckl ):| (7)

l
= ﬁ [(ckldkz — Chydiy ) + (diy by — diybry) + (bky Chy — by cm)} (8)
2.2 Q
00— [ 70 )
Q
Note that o ) _‘
Ty U =l [ L, (VLp, - 0) = Liy (VL. - 0)] o)
Hence
s
T, U= W]‘Cﬁ {(akl + by @ + iy Y + diy 2) (biy 2 + @ + diyy) — (agy + iy @ + Cryy + diey 2) (biy 2 + cry v + dkly)}
l
= 36;22 {Linear terms + Quadratic terms}

Linear terms:
[ak'lbkz - ak2bk1]z + [a’k‘lckz - ak2ck1]x + [akl dk’z - akzdkl]y (11)

Quadratic terms:

[bk, Chy — by Ciy JT° + [Chy iy — Choyiy Y7 + [di, iy — diybiy )27

+[b/€1 dkz - bk2dk1]xy + [Cklbkz - ckzbkl]yz + [dkl Chky — dkzckl]zx

T

We shift to linear algebraic notation to simplify analysis. Let us represent the linear terms as a* r and the quadratic

terms as 77 Ar, defining r = (z,y, ) as column vector. Hence

5 e (p |71
k'U:36V£ (a r4r Ar) (12)
Where
(k, Chy — iy Chy) (bky Chy — by Cry) Ao Ass
a = (akl dk2 — Ak, dkl) & A= A21 (C;Cl dk2 — Cky dkl) A23 (13)
(a’k1 bkz — Ok, bkl) A31 Az (dlﬁ ka - dkz b’fl)




There is freedom in the choice of off-diagonal entries of A subject to

Ao + Aoy = (br, di, — brydy,)
Ayz + Azr = (Cr,bry — Crobiy)
Aoz + Azy = (dp, Cy — diyCry)

Next, we transform the domain of integration from the tetrahedron conv{ri,rs,rs,74} in xyz space to the unit
tetrahedron in uvw space [u = (u,v,w) as column vector| using a linear transformation

r=r+Ju (14)
The Jacobian matrix
J = [(rz —r1) (rg—r1) (ra— rl)] (15)
Hence, we find that Equation (12) transforms as
alr+rTAr = [ozTrl + rlTArl] + [aT +ri(A+ AT)] Ju+uTJT AJu (16)

And an arbitrary volume element transforms as d3r = |J| d3u. Also, note that over the unit tetrahedron,

/upvqwrd?’u = _ plart (17)
(p+q+r+3)!
Using this result, note that the following identities are true:
° fdsu = %
° chy d3u = icT]l
o [u"Mu d*u= 1 [1TM1 + Tr(M)]

where 1 is the column vector (1,1,1) and Tr represents the trace operator. Using these results in conjunction with
the transformed quadratic form (Equation 16), we finally have

J| ke Iy [1 1 1
Qr = 1 koer Iy ‘36(52 i G [aTr + 7T Ari] + % [@ +r{(A+AT)] J1 + 50 [17JTAJL + Tr(JTAJ)) (18)
2.3 R
Ry, = jkov/er f Ty - UdS (19)
r
From the previous section, we know
TS O S
T, -U= 3612 (a r4r Ar) (20)

with a and A being defined in the same way as equation 13. Since Ty, is a local basis function at a surface element,
the domain of integration reduces to an exposed triangle A = conv{ry,rs,7r3}. We now transform the domain of
integration from the exposed triangle to a unit right triangle in a transformed space using the linear transformation

=7 + Bu+ U (21)

where 8 and ~y are scalar variables whose range is the unit triangle in the 5 — - space, with

U=7y—T1
U=73—1
Hence, spacial integrals transform as
/f(r)dS =2 Area(A)/f(n + Bu + yv)dpdy (22)

w



In this simpler domain, polynomial terms integrate to simple closed form expressions

61!62!
C1nC2 JBdry — 23
[ s = (23
In particular, (Let’s call dBd~y as dA)
. fdA=]
° fﬂdA:fydA:%
o [B%dA= [~+*dA =%
o [BydA=g;
In our case, the integrand transforms as
alr + 77 Ar = o™ (ry + Bu + ) + (r1 + Bu + )T A(ry + fu + yv) (24)
Expanding this, and using the results we know for polynomial terms, we have
. e |1, p T Lo r T T
Ry, = jko+/€r Area(A) &z l3 [y + 7] Ari] + 8 (ri(A+ A" +a") (u+v)
) (25)

1
+E [u” Au+ v" Av + 0.5u" (A + AT)v]

24 S
S, = dhov/er § (T 7)(0 - 7)as (26)

Here the normal vector n at surface elements is available to us through a C+4 function, U is the manufactured
solution, T}, is a local basis function at a surface element, and other symbols have their usual meanings.

L= (Mg, Ny, MNz) (27)
U= (z,2,y) (28)
Hence =
U-h=zn,+an,+yn, =n'r (29)
where 7 is a permutation of n defined as
Ny
n=|n, (30)
Uz
From our formalism, we know that
. l
Ty -0 = ﬁ (akl \I/kz - ak2\11k1) + (bkl \Ilkz - bkzwkl)x + (ckl \IJkQ - ckz‘ljkl)y + (dk1 \sz - dkz\Ijkl)Z (31)
e
Where ¥, is defined as
U =bpng + CkNy + din., (32)

A linear algebraic form of Equation (31) would be

lg

T
BT 3612

(G+hn'r) (33)

with

(bry Wiy — bk, Uiy )
h= | (ck Vi, — Cr, Vi, ) & G =(ag, Vi, — ag, ¥y, ) (34)
(dkl \Ilkz - dkijh)




Now Equation (29) and Equation (31) are multiplied, and we define use a matrix intermediate variable

(35)

and then perform the same linear transformation as in the previous section (for R) and evaluate the integral to be

b |1

Sk = jkov/er Area(A) 5v2 | 2

[GRTry + ] Mry] + é (ri (M + MT) + Gi") (u+v)

1
+E [u" Mu+ " Mo+ 0.5u" (M + M7")v]
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